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Abstract

A complete description of Osserman four-manifolds whose Jacobi op-
erators have a nonzero double root of the minimal polynomial is given.
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1 Introduction

Geometric information about a pseudo-Riemannian manifold (M, g) is essen-
tially encoded by the curvature tensor R € ®*T*M. Hence a central problem
in differential geometry is to relate algebraic properties of the curvature tensor
to the underlying geometry of the manifold. Due to the fact that the whole
curvature tensor is so difficult to handle, the investigation usually focuses on
different objects associated to the curvature tensor, the Jacobi operator be-
ing the most natural and widely investigated. A pseudo-Riemannian manifold
(M,g) is said to be Osserman if the eigenvalues of the Jacobi operators are
constant on the unit pseudo-sphere bundles S*(T'M). Since the Ricci tensor is
obtained by tracing the Jacobi operators, any Osserman metric is Einstein and,
in particular, of constant sectional curvature in dimension 2, 3.

Dimension four is therefore the first non-trivial case for consideration in
trying to determine the whole class of Osserman metrics. Moreover due to
the connection between Osserman and (anti-) self-dual metrics many special
features occur like the existence of pointwise Osserman metrics which are not
Osserman, i.e., the eigenvalues of the Jacobi operators are still independent of
the direction, but they may change from point to point. (See for example [12],
[16], [19] and the references therein for more information on pointwise Osserman
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4-manifolds, and [5], [17], [18], [22], [23] for the higher dimensional Riemannian
and pseudo-Riemannian cases).

It has been shown in [8] and [11] (see also [2]) that any four-dimensional
Osserman metric is locally isometric to a two-point homogeneous space if the
signature is either Riemannian or Lorentzian. However the situation is much
more complicated for neutral metrics and there exist many examples of non-
symmetric Osserman pseudo-Riemannian manifolds of neutral signature [13].
Indeed besides the partial results at [3] for Osserman (4 + ——)-metrics with
diagonalizable Jacobi operators and those at [15] for locally symmetric Osser-
man four-manifolds, the general problem of obtaining a complete description of
four-dimensional Osserman metrics of neutral signature remains open.

For any non-null vector X in the (+ 4+ ——)-setting, the induced metric on
X+ is of Lorentzian signature, and hence the eigenvalue-structure does not com-
pletely characterize the Jacobi operators Rx. The consideration of the Jordan
normal form led to introduce the so-called Jordan-Osserman metrics as those
where the Jordan normal form of the Jacobi operators is constant on S*(TM).
Four-dimensional Jordan-Osserman metrics were initially investigated by Blazi¢,
Bokan and Rakié¢ [3], who considered four different possibilities according to the
behavior of the Jordan normal form of the Jacobi operators as follows:

(Ia): The Jacobi operators are diagonalizable, i.e.,

«
Rx = B
v

(Ib): The Jacobi operators have a complex eigenvalue, i.e.,

a =B
RX: ﬂ «
~

(II): There is a double root of the minimal polynomial of Ry, i.e.,

a
Ry = B
1 B

(III): There is a triple root of the minimal polynomial of Ry, i.e.,
@

RX: 1 «
1 «

It is shown in [3] that Jordan-Osserman metrics with diagonalizable Ja-
cobi operators are locally isometric to a real, complex or paracomplex space



form and also that Type Ib metrics cannot occur. Moreover, locally symmet-
ric Jordan-Osserman (4 + ——)-metrics have diagonalizable Jacobi operators or
they are isometric to some Type IT metrics with nilpotent Jacobi operators [15].
The fact that all known examples of nonsymmetric Jordan-Osserman metrics
had nilpotent Jacobi operators of degree two or three suggested that no other
examples could exist (cf. [7], [12], [16]). However, very recently the authors
have shown the existence of a family of Type II Jordan-Osserman metrics with
non-nilpotent Jacobi operators [10]. The purpose of this work is to clarify the
situation of Type II Jordan-Osserman metrics by proving the following

Main Theorem Let (M,g) be a four-dimensional Type II Jordan-Osserman
manifold. Then the Jacobi operators are two-step nilpotent or otherwise there

exist local coordinates (x1,...,x4) where the metric is given by

(1) daxtda® + da’dxt + Z si;da’dx?
i<j=3,4

for some functions s;;(x1,...,x4) as follows

s33 =315+ 21 P+ 22Q+ S{Q(T-U) + V(P-V) — 2(Qa—V3)},
(2) S44 :xgng 215+ 22T+ g{S(PfV) +U(T-U)—2(S5—U,)},
S34 :$1$2%+ 1'1U+ ZE'QV+ g{*QS‘F UV+T3 - U3 + P4 - V‘4}7

and arbitrary functions P, Q, S, T, U, V depending only on the coordinates
(z3,24), where 7 # 0 denotes the scalar curvature.

The proof of the Main Theorem is based on the following facts.

Fact A. [1], [19] A four-dimensional pseudo-Riemannian manifold is pointwise
Osserman if and only if it is Einstein self-dual (or anti-self-dual).

Fact B. [3, Corollary 8.3] A Type II Jordan-Osserman metric is Ricci flat (i.e.,
a = 8 =0) or otherwise o = 45 # 0.

Fact C. [3, Proposition 8.4] A Type II Jordan-Osserman metric whose Jacobi
operators are not nilpotent (i.e., a = 48 # 0) admits a local parallel field of
two-dimensional planes.

Therefore, we investigate Walker metrics (i.e., those admitting a locally de-
fined two-dimensional degenerate parallel distribution) in detail in §2, with spe-
cial attention to the (anti-) self-dual Weyl curvature tensors. A complete de-
scription of self-dual Walker metrics is given in §2.3. The integration of the
Einstein equation for a self-dual Walker metric, which lets us determine all
pointwise Osserman self-dual Walker metrics, is carried out in §3. This leads to
(1)—(2), thus proving the Main Theorem.



2 Four-dimensional Walker metrics

A Walker manifold is a triple (M, g, D) where M is an n-dimensional manifold,
¢ an indefinite metric and D an r-dimensional parallel null distribution. Of
special interest are those manifolds admitting a field of null planes of maximum
dimensionality (r = % ). Since the dimension of a null plane is 7 < %, the lowest
possible case of a Walker metric is that of (++ ——)-manifolds admitting a field
of parallel null two-planes.

Observe that there is a tight connection between Walker structures and Os-
serman metrics. First of all, it is a matter of fact that all known examples of
Osserman metrics with nondiagonalizable Jacobi operators (i.e., Types II and
III) are realized as Walker metrics. On the other hand, Walker metrics appear
as the underlying structure of several specific pseudo-Riemannian structures.
For instance, the metric tensor of any para-Kéhler [9] (and hence any hyper-
symplectic [20]) structure is necessarily of Walker type. The same occurs for the
underlying metric of real hypersurfaces in indefinite space forms whose shape
operator is nilpotent [21].

2.1 The canonical form of a Walker metric

For our purposes it is convenient to use a special coordinate system associated to
any Walker metric. So, let g be a four-dimensional pseudo-Riemannian metric
admitting a two-dimensional parallel null distribution. A canonical form for
such a metric has been obtained by Walker [24] showing the existence of suitable

coordinates (x1,...,x4) where the metric expresses as

0010

0 001
(3) g($1,$2,$3714) = 1 0 a c

01 ¢ b
for some functions a, b and ¢ depending on the coordinates (z1,...,24). As a
matter of notation, throughout this work we denote by 0; the coordinate vectors,
i=1,...,4. Also, h;, ;, means partial derivatives Mf’famir, for any function
h(x1,...,24). Now, a straightforward calculation from (3) shows that the Levi

Civita connection is given by

Vo,05 = a101 + 50102, Vo, 04 = 5¢101 + 5b10s,
Vo, 03 = 3a201 + 5205, Vo,04 = 5201 + 5b205,
(4)Vo,05 = 3(aay + caz + a3z)01 + & (cay + bagy — ag + 2c3)0; — 403 — %0y,
Vo,0s = 3(as + acy + cc2)01 + 5(bs + ccx + beg) 0z — $05 — %04,
Vo,01 = 5(aby + cby — by + 2¢4)01 + 3(cby + bba + bs)do — %05 — 2204,



and the Riemann curvature tensor R(X,Y) = V[x y] — [Vx, Vy] satisfies

1 1 1 1
Ri313 = —5a11, Rizia = —5c11, Riges = —5a12, Rizaa = —35c12,
1
Riz3q = 7 (—a2by + ciea + 2a14 — 2¢13),
R =-1p R =-1 R - _1p
1414 = —35011, 1423 = —5C12, 1424 = —35012,
Rigga =1 (=2 +aiby —b bacy — 2by3 + 2
1434 = 7 (—¢f +a1h 1¢2 + b2c1 13 +2c14)
R —_1 R —_1
2323 = — 35022, 2324 = —35C22,
Rozzq = 1 (3 — axby — 2a24 — 2
2334 = 7 (€3 — Q202 — a1C2 4 azc1 + 2azq C23),
1 1
Rogos = —5boa,  Royzq = 7 (azb1 — crco — 2ba3 + 2c24)
R =1 (—ac? — bcl b by — arbs + 2
3434 = 7 (—acy — bcy + aa101 + carbe — a103 + 2a1¢4
+casby + basby + asby + asby — asbs — 2a4cq
+2bocs — 2bsco — 2ccicg — 2a44 — 2b33 + 4634) .

Next, let p(X,Y) = trace{U ~» R(X,U)Y} and 7 = tracep be the Ricci
tensor and the scalar curvature, respectively. Then

P13 = % (11 +c12), pua= % (b12 +c11),
p2s =5 (a12 + ¢22), paa = 5 (baz + c12)
(6) ps3 =3 (—c3 4 arca 4 azby — azcr + aary + 2cars + bags + 223 — 2a24)
p3s = 5 (—azb1 4 c1ca + a1 + bas + acyy + 2cc1z — €13 4 beay — c24)
pas = 3 (= + a1by — byca + bacy + abyy + 2¢bya — 2by3 + bbag + 2c14)
and
(7) T = a1 + b2z + 2c12.

Further, let W denote the Weyl conformal curvature tensor given by
W(X,Y,Z,T) = R(X,Y,Z1T)
o {9(X, Z)g(Y.T) — g(Y, Z)g(X. T)}
sz {p(X, Z)g(Y.T) — p(Y, Z)g(X,T)
+p(Y,T)g(X, Z) — p(X, T)g(Y, Z)}.

2.2 Self-duality and anti-self-duality conditions

Considering the curvature tensor R as an endomorphism of A%2(M), we have the
following O(2, 2)-decomposition

(9) Eéld,\z—i—po—&—W:Az—)Az



where po denotes the traceless Ricci tensor, po(X,Y) = p(X,Y) — 7 g(X,Y).
The Hodge star operator x : A2 — A? associated to any (++——)-metric induces
a further splitting A = A3 @ A2, where AZ denotes the +1-eigenspaces of the
Hodge star operator, that is, AL = {a € A*>(M)/ x « = +a}. Correspondingly,
the curvature tensor further decomposes as

(10) Rz%hm+m+w*+wi

where W+ = % (W=£+W). Recall that a pseudo-Riemannian 4-manifold is called
self-dual (resp., anti-self-dual) if W~ = 0 (resp., W+ = 0). The connection
between Osserman and (anti-) self-dual metrics relies on Fact A, and thus the
analysis of the (anti-) self-duality conditions will play a basic role in what follows.

Let {e1,eq,e3,e4} be an orthonormal basis and, as a convention, assume
that e; and ey are spacelike while e3 and e4 are timelike vectors. Now, local
bases of the spaces of self-dual and anti-self-dual two-forms can be constructed
as

Ai = <{E1i’E§E7E3i}>7
where

1 2 3 4 1 3 2 4
e Ne“ e’ Ne e Ne>xe*Ne
_— E;E:— E;L:

V2 ’ V2 ’

Here observe that the Hodge star operator satisfies

el/\e4$e2/\e3

+
Ef = 7

el Nel Ax(eF nel) = (5};55 - 5;'5%') cigjet Ne2 NeP Aet,

where £; = g(ei,e;). Further note that (EF, Ef) = 1, (B EE) = —1,
<E3i,E3i> = —1, and therefore with respect to the above bases the self-dual
and anti-self-dual Weyl curvature operators W+ : A3 — A2 have the follow-
ing matrix form:
+ £ £
Wi Wi Wi
(11) WE=| Wi —Ws Wi |,
+ + +
Wiz —Wi Wi
where sz = W(Ezi,Eji) and W(e' Ael ek Ael) = Wes, e, ex, er).
Next, for a Walker metric (3) an orthonormal basis can be specialized by
using the canonical coordinates as follows:

(12) e = %(1 - a)Bl + O3, ey = —coq + %(1 — b)ag + 04,
63:—%(1+a)81+63, 64:—061—%(1—1-1))824—84.

Now, a long but straightforward calculation using (5), (6) and (7) shows that



the components of W~ in (11) are given by
Wi = —%(&11 + 3ag2 + 3b11 + bag — 4c12),

1
Wiy = —¢(a11 + bay — 4c12),

|~

Was = 75(a11 — 3age — 3b11 + bag — 4c12),

12
(13) Ao
Wi, = Z(am + b1z — c11 — Cc22),
Wis = i(am —bn),
W3 = —3(a12 — bia + c11 — ¢22),

while the components of W are determined by ng, ng and the scalar cur-
vature as follows:
-

E?

T

the expressions of Wy and W} being

T
o

5 Wiy = Wi,

Wi =W + Wi =W+

Wlﬁ = %2(60@1[)2 — 6a1bz — 6bajco + 12a1c4 — 6cagby + 6asby + 6bascy

+ 6azby — 6asbs — 12a4c1 + 6abico — 6abycy + 12bsc3 — 12b3co
(15) — a1 — 1202a11 - 121)60,12 + 246@14 - 3b2a22 + 12()(124 — 12&44
- 3(L2b11 + 12ab13 — b22 - 12b33 + ].2QCC11 - 2012 + 60,bC12

- 240013 - 12@014 - 12b623 + 24034)7

( ) Wf% = i(—2ca11 — baiy + 2a14 + abia — 2boz + ac11 — 2¢c19 — 2¢13
16
— bCQQ + 2024).

Remark 1 It is important to recognize here that the connection between Ein-
stein (anti-) self-dual and pointwise Osserman manifolds at Fact A goes further
to the Jordan normal forms of the nonzero part of the Weyl curvature tensor
W+ and the Jacobi operators (cf. [12]). So pointwise Osserman manifolds whose
Jacobi operators are of Type Ia, Ib, II or III correspond to self-dual (or anti-
self-dual) Einstein manifolds whose self-dual (or anti-self-dual) Weyl curvature
tensor is of Type Ia, Ib, IT or III, respectively (see also [4]).
The relations in (14) among the components of W show that

Wi Wi Wi+ 5
wt = -Wi z —-Wi ,
-Wi+&) Wi —(Wi+3%)

and, as a consequence, the eigenvalues of W are given by

an) 61 1)



Since the induced metric on A2+ is of Lorentzian signature the structure of W is
determined by its Jordan normal form, which may correspond to Type Ia or type
II/111, depending on whether W is diagonalizable or not. A straightforward
calculation shows that

724 127 Wi 4+ 48 (W)
13

v~ 510) (v + ) -

from where we have the following:

T

(i) If 7 # 0, then W™ has nonzero eigenvalues {%, — 155 —ﬁ}, and

(18) 72+ 120 W + 48 (Wih)* =0

is the necessary and sufficient condition for the diagonalizability of WT.
If (18) does not hold, then —75 is a double root of the minimal polynomial
of Wt.

(ii) If 7 = 0, then W vanishes if and only if W = W}, = 0 and moreover

(ii.1) W is two-step nilpotent if and only if W, # 0 and Wy, = 0,
(ii.2) W is three-step nilpotent if and only if Wy, # 0.

On the other hand, observe from (17) that any anti-self-dual Walker metric has
vanishing scalar curvature and hence Einstein anti-self-dual Walker metrics are
Ricci flat.

2.3 Explicit form of Self-dual Walker metrics

Recall that our main purpose is to obtain a description of non Ricci flat Type
IT Jordan-Osserman four-manifolds. Then, as a consequence of Remark 1, we
restrict our analysis to self-dual Walker metrics. Thus, in what remains of
this section we will give a complete description of self-dual Walker metrics by
integrating the PDE system given by (13).

Theorem 2 A Walker metric (3) is self-dual if and only if the defining func-
tions a(x1, 2, T3,24), b(x1, T2, x3,24) and c(x1, T2, x3,24) are given by

a(xy, T2, 23,%4) = x?A + x%B + x%xgc + 129D + 1P+ 22Q + &,

23C + 22E + v123 A+ 2120 F + 1S + 22T + 1,

)
(19) b(l‘l, o, T3, .134§

c(x1, T2, 23, T4 %x%f + %x%D + 2220 A+ 2122C + %.1311‘2 (B+¢)

+I1U+£C2V+'Y,

where capital, calligraphic and Greek letters are all arbitrary smooth functions
depending only on the coordinates (x3,x4).



Proof. First of all observe that using (13) the self-duality can be initially
characterized by means of the following five PDEs:

az =0,
b1 = Oa
(20) a1z — c22 =0,

b1z —c11 =0,
a11 + bag — 4cy2 = 0.
So (19) is obtained as the solution of (20). We proceed.
The first step. First and second equations in (20) translate into
(@1) a(x1, 2,3, 24) = T2 A(z1, 23, 24) + B(z1, 23, T4),
b(x1, e, 3, 4) = 21C (22, 3, 24) + D(x2, 23, 24)
and hence the third equation in (20), i.e., coo(x1, Z2, 23, 24) = A1(x1,23,24),

implies that

1
(22) c(z1, 22, 23,24) = 5.%%141(531,.%3,1’4) + xoE (21, 23,24) + F(z1, 23, 24).

The second step. In this step we make a long but straightforward use of the
fourth equation in (20), which by (21) and (22) means
(23) 523 A111 (1, w3, 1) + w2 E11 (21, 23, 4)

+ Fi1(21, 03, 74) — Ca(w2, 23, 74) = 0.

First, appropriate successive differentiations in the above equation lead to A1111 (1,
x3, 4) =0, F111(21,23,24) = 0 and Fi11(21, 23, 24) = 0, and hence

A(z1,23,74) = 213G (23, 74) + 23C(23,24) + 21D(23, 74) + Q(23,24),
(24) E(z1,73,74) = 22 H (23, 24) + 211 (23, 74) + V (23, 74),

F(xy,73,74) = 23 J (23, 24) + 21U (23, 24) + (73, 74).
By (24), condition (23) reduces to
(25)  323G(w3,24) + 200 H (13, 4) + 2J (13, 24) — Co(xa, 23, 24) = 0,
from where Caos(x2,x3,24) = 6G(x3,x4), which implies that
(26) O(wa,73,74) = 25G(73,74) + 25.A(73, 74) + 22T (v3,74) + S(73,74).

The final form of (25) is given by

2w (A(zs, x4) — H(x3,74)) — 2J (3, 74) + F(23,74) = 0,



and as a consequence
1
(27) H($3,$4) = A($3,$4), J($3,$4) = 5]:(1‘3,334).

Collecting together the information in (24), (26) and (27), at the end of this
step we have that (21) and (22) transform into

a(zy, w2, 23, 74) = 2302G + 2229C + 122D + 22Q + B(wy, 73, 74),
b(z1, 20,73, 74) = T123G + 0123 A + 1122 F + 218 + D(22, 3, 74),
28 o(x1, 2, 3, 24) = 32323G + L2 F + 223D + adawo A + 2123C
+ 2120l + 21U + 22V 4 7.
The third step. To finish the determination of the defining functions we deal with
the last equation in (20), which under the expressions in (28) and differentiating

by x; and x5 leads to
(29) G(x3,14) = 0,

and hence that equation reduces to
621 A(xs, x4) + 622C(x3,24) + 41 (23, 24)
30) — Bii(x1,x3,24) — Dag(w2,z3,24) = 0.
It follows that Bi111(z1, 23, 24) = 0, from where
(31) B(wy,x3,24) = 25 L(x3, 24) + 23B(23, 24) + 1P (23, 24) + E(23, 74)
and (30) takes the form

(32) 6%1(./4(.%3,1’4) — L($3,I4)) + 6.1726(563,:64)
+41(xs,24) — 2B(x3,24) — Dag(we, x3,24) =0,

which leads to
(33) L(I3, I4) = A(I:’)a :174)'

Thus, by (29), (31) and (33), the expression of a in (28) transforms into
(34) a(xy, w0, 23,14) = 25 A + 22B + 2309C + 129D + 21 P + 22Q + &,

which finishes the process for this defining function. At this point, (32) has the
form
(35) GIQC(Ig, .T4) =+ 4[(5637 1‘4) — 23(173, 14) — DQQ(IQ, s, 1‘4) = O7

from where Dagos (22, x3,24) = 0, and hence

(36) D($27 3, 964) = Jng(l"& 11?4) + 3335(5037 964) + 332T(173, 554) + 77(963, 1?4)-

10



Then, (35) reduces to
32(C(as, x4) — M(xs,4)) + 21 (3, 24) — B(as, x4) — E(23,74) = 0,
so we conclude that
(37) M(eg,20) = Clog,aa),  Tag,m) = 5 (B+8)
Thus, (29), (36) and (37) show that b and ¢ in (28) take the desired form
b(z1, 70,13, 74) = 5C + 238 + 1123 A + 2122 F + 215 + 22T + 1,
(38) c(w1, 22, w3,24) = 223 F + 323D + a3wo A + 2123C + Lw122(B+ €)
+ 21U + 22V + 7,
finishing the proof. O

Remark 3 A four-dimensional Walker metric is said to be strict if it admits two
orthogonal parallel null vector fields rather than a parallel two-dimensional null
distribution. It follows from the work of Walker that any strict Walker metric
is given by (3) for any functions a, b and ¢ depending only on the coordinates
(x3,24). Now (6) and Theorem 2 imply that any strict Walker metric is Ricci
flat and self-dual, and hence Osserman. Moreover, Remark 1 shows that the
Jacobi operators are identically zero or otherwise they are two-step nilpotent
(depending on whether Wi = 2c34 — a4 — b3 vanishes or not).

3 Proof of the Main Theorem

Recall that our purpose is to obtain a local description of Type II Jordan-
Osserman metrics whose Jacobi operators have nonzero eigenvalues. In such a
case, the eigenvalues must be in a ratio 1 : i and the underlying metric is a
Walker metric (cf. Facts B and C). Therefore in order to achieve the desired
result, only Osserman metrics on Walker manifolds deserve further consideration
and moreover, it immediately follows from Remark 1 that we may restrict to
those being self-dual. In what follows we obtain a complete description of self-
dual Einstein Walker metrics in Theorem 4, from where our main result is
derived.

Theorem 4 A Walker metric (3) is pointwise Osserman self-dual if and only
if one of the following holds:

(i) The scalar curvature T is nonzero and the metric tensor is completely
determined by the functions a(xq,...,24), b(x1,...,24) and c(x1,...,24)
as follows

a=a1F +u1P+2Q+ 2{Q(T - U)+ V(P -V)—-2(Qs—V3)},
(39) b=a3Z + 215+ 2T+ E{S(P-V)+UT -U)—-2(S;5—Uy)},

C:$1I2%+$1U—F$2V+g{—QS—f—UV—f—Tg—U3—|-P4—V4},

11



where capital letters are arbitrary functions depending only on (x3,x4).

The Jacobi operators have eigenvalues {0, g, 57, 57} and they are diago-

nalizable if and only if (18) holds. Otherwise, 57 is a double root of the

manimal polynomial of the Jacobi operators and the Walker manifold is
Jordan-Osserman on the open set where (18) does not hold.

(i) The scalar curvature vanishes and the metric tensor is given by

a=2x1P+ 20+,
(40) b=x1S+ xT +n,
c=x1U 4+ 22V 4+,
where P, Q, S, T, U, V, & n and v are smooth functions depending only
on (x3,x4) satisfying
2(Qs—Vs) =Q(I'=U)+ V(P -V),
(41) 2(85—Uy) =S(P-V)+U(T-0),
T35 —Us+ P, -V, =QS—-UV.

In this case, the Jacobi operators have zero eigenvalues and their minimal
polynomials satisfy:

(ii.1) The Jacobi operators are vanishing (i.e., Type Ia) if and only if

(42) Ts+Us— Py —Vy =0

and Wi given by (15) is also null.

(i5.2) The Jacobi operators are two-step nilpotent (i.e., Type II) if and only
if (42) holds and W given by (15) is nonnull.

(i5.3) The Jacobi operators are three-step nilpotent (i.e. Type III) if and
only if (42) does not hold.

Proof. Let po = p — 7g be the trace-free Ricci tensor. Then the Einstein
equations for a general Walker metric (3) are as follows.

12



(po) = (po)ar = —(po)az = § (a11 — baa) =0,
(po)1a = (Po) = % (b2 +c11) =0,
(po)2s = (po)s2 = 5 (a12 + c22) =0,

(po)ss = 1 (2a1c2 + 2a2by — 2azc1 — 263 + aay;
(43) +4cays + 2bagy — dasy — abay — 2acyia + 4eas) = 0,

(po)ss = (po)as = § (—2a2b1 + 2c1¢3 — cary + 2a14 — chay

+2ba3 + 2ac11 + 2cc12 — 2¢13 + 2bcas — 2¢24) = 0,
(po)as = i (2a1b1 — 2bycg + 2bacy — 2¢% — bayy
+2aby1 + 4cbig — 4b13 + bbag — 2bc1a + 4c14) = 0.

Now, since the manifold is self-dual, the defining functions are completely de-
termined by (19) (cf. Theorem 2). Then, computing the first three equations
in (43), we get

2$1A—2!L‘QC+B—<€:0, 2£UQA+.F:07 21‘10+D:07

from where

(44) A=C=D=F=0, €E=B8.

With these conditions, and using (7), the (constant) scalar curvature is given
by
T =06D8,

and hence (19) reduces to
a= a3}
(45) b= a2}
c= 33133‘28 + 21U + 25V + 7.

5 tT1P+22Q + &,
&t xS+ zT + 1,

Now the two cases are obtained just observing that the last three equations in
(43) transform into

36— {QI-U)+V(P-V)—-2(Qs—V3)} =0,
Ty {-QS+ UV + Ty~ Us + P, — Va} =0,
n—{S(P=V)+U(T-U) —2(5; — Us)} =0,

and noting that when the scalar curvature 7 does not vanish we can determine
&, n and « from above, while if 7 = 0 then we get (41).

Finally, the eigenvalues and the minimal polynomial of the Jacobi operators
for the two cases are obtained as a direct application of Remark 1, since the
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eigenvalues and the minimal polynomial of the self-dual Weyl tensor W+ de-
termine the behavior of the Jacobi operators of a pointwise Osserman self-dual
manifold. O

As a consequence of the previous theorem and Remark 1, we have the fol-
lowing characterization of Jordan-Osserman Walker metrics.

Theorem 5 Let (M, g) be a Jordan-Osserman Walker 4-manifold. Then one
of the following holds:

(i) If the Jacobi operators are diagonalizable, then (M,g) is either flat or
locally isometric to a paracomplex space form.

(ii) If the Jacobi operators are non diagonalizable, then either

(ii.1) the Jacobi operators are two-step or three-step nilpotent

(1.2) the metric g is given by (1)—(2).

Proof. Four-dimensional Jordan-Osserman manifolds with diagonalizable Ja-
cobi operators have been classified at [3], showing that they correspond to real,
complex or paracomplex space forms. Next note that real and complex space
forms do not support a Walker metric unless they are flat. Indeed, any space
of constant curvature is locally conformally flat and hence vanishing of W™
shows that any such a Walker metric must be flat. Analogously, Kéahler metrics
of constant holomorphic sectional curvature have zero Bochner tensor, which
shows that W+ = 0 [6], [14]. Hence, no Kéhler metric of constant holomorphic
sectional curvature may be Walker unless it is flat.

On the other hand, if the Jacobi operators are nondiagonalizable, they must
be of Type II or III, since Type Ib cannot occur [3]. Then, since anti-self-dual
Jordan-Osserman Walker metrics have vanishing scalar curvature, the corre-
sponding Jacobi operators are either two-step or three-step nilpotent. The only
remaining case is that of self-dual Jordan-Osserman Walker metrics, which cor-
responds to the Main Theorem, thus finishing the proof. O

Remark 6 Para-Kéahler manifolds of constant paraholomorphic sectional cur-
vature « can be easily described as Walker manifolds. For instance, let a, b and
¢ be the coordinate functions given by

a1, 2,23, 74) = axy, b(w1,@2,23,24) = ax3, (w1, T2, T3, 24) = Q12
and J the paracomplex structure
JO = -0, JOo=-0y, JO3=—ad, —cOy+ 03, JOy=—cdy — b+ 04.

Then (R*, g, J) is a para-Kéhler manifold of constant paraholomorphic sectional
curvature a.
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Remark 7 Notice from Remark 1 that any anti-self-dual Jordan-Osserman
Walker metric has necessarily nilpotent Jacobi operators. However besides the
fact that many nilpotent Jordan-Osserman metrics are known, none of the pre-
vious examples are anti-self-dual but all of them correspond to special cases of
Theorem 4. The general expression of Wﬂ at (15) makes it quite untractable
and hence it is very difficult to obtain the general form of anti-self-dual Walker
metrics. However, for the special choice of a(x1, xo, x3,24) = b(a1, T2, 23, 24) =
c(x1, 2,3, x4), anti-self-dual Einstein metrics are characterized by

ailp = a2 = —ai2,
a13 = 14,
a23 = 24,

a3z + a44 = 2a34.

Now, it follows that a(zy,xe,x3,74) = 2% + 23 — 2125 defines an Osserman
anti-self-dual Walker metric with two-step nilpotent Jacobi operators.

Remark 8 Note that any Type III Jordan-Osserman Walker metric is Ricci
flat, and thus the Jacobi operators are three-step nilpotent. The existence of
non-Ricci flat Type III metrics is still an open problem.

Remark 9 As a final remark, recall that when dealing with Osserman met-
rics, main attention is usually paid to the behavior of the eigenvalues of the
Jacobi operators. However when the metric under consideration is of indefinite
signature, the corresponding eigenspaces play a basic role too. Indeed, four-
dimensional complex and paracomplex space forms have diagonalizable Jacobi
operators with eigenvalues {c, ¢, ¢} but the eigenspace corresponding to the
multiple eigenvalue § inherits a definite (positive or negative) metric in the
complex case in opposition to the paracomplex case, where the induced metric
has Lorentzian signature. The latter is necessarily the case for any Type II
Jordan-Osserman metric.
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